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A C T I O N  O F  AN E X P L O S I V E  P L A S T I C  W A V E  ON A P L A T E  

Ro G .  Y a k u p o v  UDC 531o391.539o371 

The action of a t ransient  loading on an infinitely elast ic plate, f reely covering the surface of 
an ideal compress ib le  liquid, was discussed in [1-3]. A review of work on the dynamics of a 
plate under the action of a transfent  loading is given in [4]. 

The motion of a rec tangular  plate of finite dimensions is considered,  under the action of a plastic,  plane, 
explosive compress ion  shock wave, incident at an angle~ The plate is the side of a rec tangular  cavity filled 
with an ideal compress ib le  liquid~ The cavity is in a dense medium (earth) and is bounded by rigid immovable 
walls. In this same medium, at a distance of ~70 a and at an angle a to the surface of the plate, a plane layer  
of an explosive charge with thickness 2a is detonated (Fig. 1), w h e r e t o  = (z cos a)/a is the dimensionless  
distance.  The explosive charge ,  when detonated, is converted instantaneously into gas at high p res su re  without 
change of volume, as a resul t  of which an initial p r e s su re  P2 is applied to  the surface of the medium AB, which 
causes  the formation in the medium of a plastic compress ion  shock wave. The velocity of the front and the 
p a r a m e t e r s  of motion of the medium are k n o ~  (determined by a computational o r  experimental  method [5, 6]). 

It will be assumed that the d iagram of compress ion  of the med ium is descr ibed by a power law and has 
an asymptote,  corresponding to the p r e s su re ,  ,~hich tends to infinity. Then the p ressure  at the front of the wave 
is determined by the formula  [5] 

Pl = Cl(q0 ~- ql) ~', 

where C 1 = p2/~A~n+2; X= a~(m ~ 2); 7i is a dimensionless  distance, measured  in the direction normal  to the 
front; the quantities fi, A0, m, and w depend on the exponent of compress ion  of the medium n and the isentropy 
exponent fo r  the detonation products and are  found by well-kno~,a relat ions [5]. 

Using the resul ts  of [7, 8], we write the express ion for  the p re s su re  of the shock plastic wave at the 
surface at the instant of reflection in the form 

p = pl(1 ~- q) cos a, 
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Fig .  1 

w h e r e  the quan t i ty  (1 + q) i s  the c o e f f i c i e n t  of r e f l e c t i o n  f o r  n o r m a l  i n c i d e n c e ;  q i s  d e t e r m i n e d  f r o m  the r e l a t i o n  
(1 + q-1)n = 1 + q~ S ince  n ~ 1, the va lue  of q ~ 1 and the coe f f i c i en t  of  r e f l e c t i o n  fo r  the s h o c k  p l a s t i c  wave i s  
a l w a y s  g r e a t e r  than 2. F o r  s andy  s o i l s  of b r o k e n  s t r u c t u r e ,  the va lue s  of  n a r e  2 .5  to 3.0,  and,  c o r r e s p o n d i n g l y ,  
the quan t i t y  1 + q = 2~ to 3 .0 ,  which c o i n c i d e s  wel l  with the  e x p e r i m e n t a l  r e s u l t  [9], c a r r i e d  out in s andy  s o i l s .  
The  v e l o c i t y  of  the o b s t a c l e  at the i n s t a n t  of  r e f l e c t i o n  has  an e f f ec t  on the  c o e f f i c i e n t  of r e f l e c t i o n .  C a l c u l a -  
t ions  show,  h o w e v e r ,  that  even  in the  c a s e  of  e q u a l i t y  of  the v e l o c i t i e s  of the  o b s t a c l e  and of  the  p a r t i c l e s  in  the 
i n c i d e n t  wave ,  the  quan t i t y  q v a r i e s  wi th in  l i m i t s  of not  m o r e  than  10% [8], so  tha t  we can  n e g l e c t  the e f f ec t  of  
the v e l o c i t y  o f  the  o b s t a c l e .  

The  v e l o c i t y  of  the f ron t  and the s t r e s s  a t  the f ron t  d e c r e a s e  in p r o p o r t i o n  with the  p r o p a g a t i o n  of the 
e x p l o s i o n  wave .  T h e r e f o r e ,  a d i s t r i b u t e d  load  ac t s  on the  p l a t e ,  the f ron t  of which i s  m o v i n g  a l so  with a m o n o -  
t o n i c a l l y  d e c r e a s i n g  v e l o c i t y .  The  l a w  of  m o t i o n  of the load ing  f r o n t  i s  found f r o m  the  r e l a t i o n s  [5] ( see  F i g .  1) 

x 0 = L 1 - -  (~la/sin a), ti  = (po/p2) ~/z [a/Ao ( l  - -  co)] ~l~ - ~ ,  (1) 

w h e r e  P0 i s  the  d e n s i t y  of the m e d i u m ;  L 1 i s  the length  of the p l a t e  in the  d i r e c t i o n  of the x ax i s .  The  t i m e  t 1 
i s  m e a s u r e d  f r o m  the ins tant  of  mo t ion  of the  s h o c k  f ron t  f r o m  the p lane  A1B 1. The  l aw  of change  of p r e s s u r e  
a f t e r  r e f l e c t i o n  wi l l  be a s s u m e d  to b e i n t h e  f o r m  [1 - (t/t0)] s ,  w h e r e  s _~ 1; t i s  the t i m e ,  m e a s u r e d  f r o m  the 
i n s t a n t  of r e f l e c t i o n ;  and t o i s  the t i m e  of  ac t ion  of  the wave  on the p l a t e .  The  ac t ion  of the p l a s t i c  wave  on the 
p l a t e  t e r m i n a t e s  at the i n s t a n t  when the wal l  of  the c a v i t y  AB s tops ;  the l aw  of mot ion  f o r  th is  h a s  the  f o r m  

x = t -~ ~ , A u  1/~ ~- [~A'~/(t ~- m~o)] (~1o -[- ~)i+mco, ~ = ~l(t), 

w h e r e  -~ i s  the  d i m e n s i o n l e s s  d i s p l a c e m e n t  of the  b o u n d a r y  of  the  c a v i t y ;  e .  i s  the  l i m i t i n g  v a l u e  o f  the l e -  
f o r m a t i o n  of  the  m e d i u m .  

Thus ,  the  funct ion  fo r  the  n o r m a l  p r e s s u r e  on the p l a t e  a t  a po in t  wi th  a f ixed  c o o r d i n a t e  i s  w r i t t e n  in  the  
f o r m  

/po [1 + (~h/~]o)] ~- [1 - -  ( t l t o ) ]  ~ (t + q) cos a ,  ~ :> O, 
P = [ 0 ,  ~11=0, 

w h e r e  P0 i s  the p r e s s u r e  at the wave f ron t  at the i n s t a n t  ~71 = 00 

In the  s y s t e m  of c o o r d i n a t e s  xyz  (see  F ig ,  1), the equa t ion  d e s c r i b i n g  the mo t ion  of  the  p l a t e  i s  a s s u m e d  
to be in the f o r m  

plh(O~-w/Ot ~-) -}- DV~V2W -}- p .  = - -p (x ,  t) when t 1 > 0, (2) 

w h e r e  w and h a r e  the  d i s p l a c e m e n t  and t h i c k n e s s  of the p l a t e ;  V 2 = 02w/0x 2 + 02w/By2; D i s  the c y l i n d r i c a l  
r i g i d i t y ;  Pl and v a r e  the d e n s i t y  and P o i s s o n ' s  c o e f f i c i e n t  f o r  the m a t e r i a l ;  p .  i s  the p r e s s u r e  of  the l iquid ;  
and p(x,  t) i s  the load ing  func t ion .  We sha l l  n e g l e c t  the ef fec t  of t angen t i a l  f o r c e s  on the m o t i o n  of  the p l a t e  
and we sha l l  a s s u m e  tha t  t h e r e  a r e  no p e r t u r b a t i o n s  ahead of the i nc iden t  wave  f ron t .  

The  mot ion  of the  p l a t e  m u s t  s a t i s f y  the  cond i t i ons  of  i m m o b i l i z a t i o n  and  the i n i t i a l  cond i t ions  

w = Ow/Ot -~ O, t:  ---- O. (3) 
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When the p l a t e  c o m e s  into c o n t a c t  wi th  the  l iqu id ,  then as  a r e s u l t  of  the mot ion  of the p l a t e ,  a wave  m o -  
t ion o r i g i n a t e s  in the  l i qu id  - a r a d i a t i o n  wave .  Suppose  that  q~ i s  the v e l o c i t y  po t en t i a l  in the l iqu id .  The  
d i s p l a c e m e n t s  w and go m u s t  s a t i s f y  the  b o u n d a r y  cond i t i ons  

OwtOt = &plOz, z = O, 0 ~ x ~ L1. (4) 

U s i n g  the h y p o t h e s i s  of  p l ane  r e f l e c t i o n  [10] and cond i t ion  (4), we w r i t e  t he  e x p r e s s i o n  f o r  the p r e s s u r e  of the 
l iqu id :  

p ,  = p~c(Ow/Ot), (5) 

w h e r e  P2 i s  the  d e n s i t y  of the  l i qu id  and c i s  the v e l o c i t y  of  sound.  

We d e t e r m i n e  the m o t i o n  of the p l a t e  u n d e r  the ac t ion  of  a un i t  s t e p - l o a d i n g ,  the  f r o n t  of which i s  mov ing  
a c c o r d i n g  to the  l aw (1): 

{'0 Wl'l~ n X ~ .~o, 
P(x) = H ( x - -  x~ H ( x - -  x~ - when X < Xo, 

x0 = L1 - -  0ha/sin a). 

The  e x p r e s s i o n  f o r  the bend ing  of the p l a t e  i s  a s s u m e d  to be in the f o r m  

m=t n=i 

T h e  fune t ions  X m ( x  ) and  Yn(y) a r e  c h o s e n  f r o m  a n u m b e r  of  f u n d a m e n t a l  func t ions ,  s t a r t i n g  f r o m  the cond i t i ons  
of  i m m o b i l i z a t i o n  of  the p l a t e  a t  the e d g e s .  If  the edges  a r e  f r e e l y  s u p p o r t e d ,  then 

Xm(x) = sin ~mx, Y,~(g) = sinyng, (~im = ~m/L1, ?,~ = ~n/L2), 

w h e r e  L 2 i s  the d i m e n s i o n  of  the p l a t e  in the d i r e c t i o n  of  the  y a x i s .  F o r  f ixed  edges  when x = 0 and L 1, we 
have  

Xm(x) = sin)~,~x - -  sh ~ x  - -  gin(cos ~,nx - -  ch ~mx), (7) 

w h e r e  

gm = (sin ,tim - -  sh pr~)/(COS ~t,~ - -  ch ~tm), 9m = ~-mL, = (2m _ t)~/2 

i s  the  c h a r a c t e r i s t i c  n u m b e r  of the funct ion  (7) and the r o o t  of  the equa t ion  c o s h  # t a c o s  #m - 1  = 0, m = 1, 2, 
3 . . . . .  A s i m i l a r  e x p r e s s i o n  i s  t a k e n  a l s o  f o r  Yn(Y) i f  the  e d g e s  a r e  f ixed  when y = 0 and :L 2. 

We s u b s t i t u t e  e x p r e s s i o n s  (5) and (6) in Eq~ (2) and we so lve  i t  by  the B u b n o v - G a l e r k i n  method;  then, 
m u l t i p l y i n g  i t  by Xk(X ) and Yj{y) and i n t e g r a t i n g  wi th in  the l i m i t s  f r o m  0 to L 1 and f r o m  0 to L 2, we a r r i v e  at 

the  equa t ion  

~=1 j= l  

w h e r e  5kan,jn i s  the K r o n e c k e r  s y m b o l  (1 when m = k, j = n; 0 when m ~ k, n ~ j; m = k,  n ~ j ;  m ~ k, n = j); 
2 i ~ m k , j n  s the s q u a r e  of the n a t u r a l  f r e q u e n c y  of o s c i l l a t i o n  of  the p l a t e ;  2~=p2c//plh; 

LI Lz 
Q~j= f j ' X  h (x) Y j  (y) dxdy; 

~t~ 0 

and the  p r i m e s  deno te  d i f f e r e n t i a t i o n  with  r e s p e c t  to  t h e  t i m e  t l -  

F o r  a f r e e l y  s u p p o r t e d  p l a t e  we have  (dur ing  i n t e g r a t i o n  k and j a r e  r e p l a c e d  by  m and n) 

- - D  ~ 2 7  _Q~,~ ( ~  ~- y~)-/p:th, Q,,,~ = 2 [cos (~mxo/L~) -- (-- i)~],  

n =  1,3,5,  . . .  ; % = 4 .  
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F o r  a p la te  fas tened  at the edges  

~-~2 ,~,~ = D [Fmk + 2Hm~H~ -}- Fn1]/p~h, 
Q~ = 4 [2 ( -  i)~+ ~ -~ cos s o + ch X~x o -~ gm (sin ~ x  o - -  sh X~xo)], 

] =  i~3,5 . . . .  ; Z = i ;  

I ~2 [i - -  (2/~tra)] when k : -  m, 

when m = k, { 2 ~ ( x ~ - - ~ )  w ~ n  k ~ m , '  [Xs 
F r n ~ = l O  when m=/~k; H,na={ 

k-~- m = odd, 

4~,~X~ when k ~= m, 

(8) 

The  e x p r e s s i o n s  fo r  Hnj and Fnj a re  obtained f r o m  Eq. (8) by subst i tut ion of the c o r r e s p o n d i n g  ind ices .  

Us ing  re l a t ion  (1), we r e p r e s e n t  the e x p r e s s i o n  Qkj (x0) in the f o r m  Qkj (tl). Then f o r  a f r ee ly  suppor ted  
plate  we have the equat ion 

w h e r e  

s~ = l /( |  " (o ) ;  A = [(po/p.z)~/2a ~ (L~ sin (z)i-~/A o (l - -  (o)]-~'. 

We r educe  Eq. (9), which sa t i s f i e s  the ini t ia l  condi t ions  (3), to the f o r m  

(9) 

8 (--t) m+l i: I ~  = ~:,,,.p~h (r~-- ~)  (e ~'(''-~ - -  e~'("--~ (r A0 ~' - -  i )  ~0, (10) 

where  r i ,  2 are  the roo t s  of  the c h a r a c t e r i s t i c  equat ion.  

In the case  of a unit  s t ep - load ing ,  moving  with cons tan t  ve loc i ty  v, so that  x 0 = vt, and fo r  r ea l  va lues  of  
r l ,  2 so lu t ion  (9) has  the f o r m  

fm~ -- n~mnP, h 8  [r~ - - - -~  / 1 [-~a[2• ( e ~ ' t -  er~t)+ ( A."~ (--r r'er:t~2-~-- ) --  r2er~l) -]- ~A~ e~ A it -~ 2x-~A'AI sin A it - -  (-- i)m ] ] A 8  ~ 2  J / '  (11) 

where  h~ mnv/L~; h ~ =  f12 --A1; ha A a = = ~ = 2 ~- (2• Put t ing • = 0 and x 0 vt in Eq. (9), we find the se" ~tion 

without  taking into accoun t  the effect  of the l iquid:  

Iron -- n2mnplh ~ ~2 n A2 COSQmnt ~ ~ c o s A l t - -  ~ j .  (12) 

We shal l  cal l  the values  of  the ve loc i ty  of  the wave f ront ,  sa t i s fy ing  the condit ion v k = ~nmI~/~rm,  the 
c r i t i ca l  va lues .  It can  be seen f r o m  Eqs~ (11) and (12), with the c r i t i ca l  va lues  of the veloci ty  of mot ion  of  the 
loading f ront  v = Vk, that the def lec t ions  of the plate  have h ighe r  values  and depend on the magni tude  of the 
h y d r o d y n a m i c  de fo rma t ion .  It fol lows f r o m  Eq~ (12) that  in the absence  of  the de fo rming  effect  of  the liquid 
(~ = 0) and v = v k, the def lec t ions  of  the plate  tend to infini ty ( s imi la r  to the phenomenon of r e s o n a n c e  in o s c i l -  
la t ing  s y s t e m s ) .  

The solutions of Eqs .  (10)-(12) can be cons ide red  l ike an effect  funct ion,  and w can be de t e rmined  by the 
ac t ion of  a loading of  a r b i t r a r y  shape by m e a n s  of the in t eg ra l  

Lt 

/.*~ = p (Xo)/ms (Xo) + S/m~ (Xo - x) [Op (x)lOxl dx, 
~c e 

where  p(x0) is the loading value at the f ron t  and p(x) is a funct ion,  c h a r a c t e r i z i n g  the change of  loading behind 
the f ront .  

N u m e r i c a l  E x a m p l e .  The plate  has  d i m e n s i o n s  of  L i = 200 cm,  L 2 = 100 cm,  h = 1 cm,  E = 2" l0  G k g / c m  2, 
v = 0.3, Pl = 8 "10 -s  kg ~ sec2/cm 4. Wate r  is conta ined in the cavi ty  fo r  which P2 = 1 . 0 2 . 1 0  -s  kg .  sec2/cm 4, and 
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c = 1 .5 .105  c m / s e c .  The  de f l ec t ions  w a re  d e t e r m i n e d  for  a un i t  s t e p - l oa d i ng ,  mov ing  with a cons t an t  ve loc i ty  
v = 6 "104, 8 .76 .104 ,  and 9 "104 c m / s e c .  The r e s u l t s  of the c a l c u l a t i o n s  a re  shown in  F igs .  2 and 3. 

F i g u r e  2 shows the changes  of de f lec t ion  Wmn in  a g iven  sec t ion  of the pla te  x / ~  = 0.8 as a func t ion  of 
the d i m e n s i o n l e s s  t ime .  Here  t .  is  the t ime  of advance  of the loading f ron t  f r o m  x = ~ to x = 0o The dashed 
and so l id  l i ne s  in  F ig .  2a  c o r r e s p o n d  to the. va lues  n = 3 and 5, the sol id l i ne s  in  Fig .  2b c o r r e s p o n d  to the 
va lue  n = 7, and the dashed  c u r v e  shows the change  of def lec t ion  wll in  the s ec t ion  of the p la te  x / L  1 = 0.5,  "~th-  
out taking account  of the effect  of the l iquid .  The sca le  for  this  c u r v e  is  sho-~m on the r igh t .  ~ e n  d e t e r m i n i n g  
w without t ak ing  in to  account  the effect  of the l iquid ,  we can l i m i t  o u r s e l v e s  to one t e r m  of the s e r i e s  m = 1 
and n = 1 with a high d e g r e e  of a c c u r a c y  (the c o n t r i b u t i o n  of the o ther  t e r m s  of the s e r i e s  i s  not  m o r e  than 2~) .  
Curves  1 -4 ,  6, and 7 in  Fig.  2 c o r r e s p o n d  to the f i gu re s  m = 1-4 ,  6, and 7. 

The  cu rves  in  Fig.  3 c o r r e s p o n d  to de f lec t ions  w along the length  of the p la te  fo r  c e r t a i n  fixed pos i t ions  
of the loading  f ron t  ~ = x0/L ~ = 0.67; 0.5; and 0. The  pos i t ion  of the f ron t  is  s h o . ~  by a dashed l ine .  It  was 
a s s u m e d  in  the c a l c u l a t i o n  that  in the d i r e c t i o n  of the y axis  at a length  L2, a spec i f i ed  n u m b e r  n of ha l f -waves  
i s  f o r m e d ,  and s u m m a t i o n  of the s e r i e s  o v e r  m was c a r r i e d  out f r o m  m = I to m = 8. The c u r v e s  1 in F ig .  3a  
c o r r e s p o n d  to the va lue  n = 3, and the o the r s  to the va lue  n = 5; in  F i g .  3b the va lue  n = 7 is  taken~ The sol id  
l i nes  r e l a t e  to the ve loc i t y  v = 6 " 104 c m / s e c  and the dashed  and dashed -do t  l ines  r e l a t e  to the ve loc i t i e s  v = 
8~ "104 and 9 .104 cm/ seco  

It can  be s een  f r o m  Fig .  2b (dashed l ine) that  in the absence  of l iquid in  the cavi ty  the def lec t ion  of the 
p la te  du r ing  the t ime  t .  i n c r e a s e s  mono ton i ca l l y  and r e a c h e s  a magn i tude  of 0~ h. 

Even  if the p la te  c o m e s  in to  contac t  with the l iquid ,  the mot ion  of the p la te  i s  c lose  to aper iod ic  and the 
magn i tude  of the de f lec t ion  i s  m u c h  l e s s  than the def lec t ion  without taking in to  account  the effect  of the l iquid ,  
which i s  due to the l a rge  damping  by the l iquid .  The  change of Wma u~th t ime  for  d i f fe ren t  mode s  of m and n 
is  not  i den t i ca l .  The de f l ec t ions  when m = 1 and n = 5 and 7 a re  g e n e r a t e d  c o n s i d e r a b l y  m o r e  rap id ly .  T h e r e -  
fore,  the a p p e a r a n c e  can  be expec ted  h e r e  of de f lec t ions  with a s ing le  ha l f -wave  in  the d i r e c t i o n  of the x axis 
and s e v e r a l  h a l f - w a v e s  in  the d i r e c t i o n  of the y axis  (m = 1, n > 3). 

It fol lows f r o m  c o m p a r i s o n  of the cu rves  1 in F ig .  2a  that the def lec t ion  w13 is c o n s i d e r a b l y  l e s s  than the 
magn i tude  of wls. The  de f lec t ion  of a p la te  with the n u m b e r  of ha l f -waves  m = 1 and n = 1 and 3 m u s t  be a c c o m -  
pan i ed  by  l a r g e  changes  in  vo lume of the l iquid~ Because  of the weak c o m p r e s s i b i l i t y  of the l iquid ,  these  de-  
f l e c t i ons  a re  s m a l l .  With i n c r e a s e  of the n u m b e r  n,  the l iquid  can over f low f r o m  one r eg ion  to ano the r  and the 
magn i tude  of Wren i n c r e a s e s  somewhat .  
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Analysis  of the data  plotted in Figs.  2 and 3 shows that the magnitude and nature  of change of the def lec-  
t.ton of the plate  depends on the shape of the wave format ion ,  the posit ion of the loading f ront ,  and its veloci ty.  
With i nc rea se  of veloci ty  v, the deflect ions d e c r e a s e .  

Fo r  t o > t , ,  assuming Qmn = 4, m = 1, 3, 5 . . . . .  n = l ,  3, 5 . . . . .  Qkj=16,  k = l ,  3, 5 . . . .  and j = 
1, 3, 5 . . . . .  and using the values  obtained fo r  Wren and W'mn as the s ta r t ing  values,  the fu r the r  change of 
deflect ion can be de te rmined .  
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FRACTURE OF CYLINDRICAL SHELLS BY 

PERIODIC SHOCK WAVES 

M. A. II'gamov and Ao Vo Sadykov 

T H E  A C T I O N  O F  

UDC 539.37 

It is well-known that in a closed tube, to one end of which is applied a sinusoidal  piston movement ,  non- 
l inea r  longitudinal osci l la t ions  or iginate ,  which in the vicinity of the natural  f requencies  t r a n s f o r m  to per iodic  
shock waves [1-13]. S imi la r  osci l la t ions or ig inate  during the unstable operat ion of the combust ion c h a m b e r  of 
engines [14-16]. In the exper imen t s  c a r r i e d  out up to now, the amplitude achieved 0036 bar  with an average  
p r e s s u r e  in the tube of 1 ba r  [4, 8, 13]. Forced a x i s y m m e t r i c a l  osci l la t ions of thin-walled shells  under  the 
action of per iod ic  shock waves inside their  cavi ty  have been studied in [17]. A re la t ive ly  good ca r ry ing  capac-  
i ty  is cha rac t e r i s t i c  of them. This is explained by the fact  that the osci l la t ions a re  accompanied by a p r e -  
dominantly s t r e t c h i n g - c o m p r e s s i o n  of the c r o s s - s e c t i o n  of the shell .  Moreover ,  exper iments  were  ca r r i ed  
out at f requencies  c lose  to the na tura l  f requencies  of the gas column Wk= kTra/L (in o r d e r  to produce  shock 
waves in the gas) and a x i s y m m e t r i e a l  osci l la t ions of the shell  ~i ~ ~20 ~ c / R  r emo te  f rom the natural  f requen-  
c ies .  Here  a and c a re  the propagat ion  velocit ies  of sound in the gas sad in the shell;  L and R are  the total 
length of the tube  and the radius  of the middle sur face  of the shell .  
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